The formulation of the low-momentum effective interaction in the model space Lee-Suzuki and the renormalization group methods is implemented in the three-dimensional approach. In this approach the low-momentum effective interaction V low k has been formulated as a function of the magnitude of momentum vectors and the angle between them. As an application the spin-isospin independent Malfliet-Tjon potential has been used into the model space Lee-Suzuki method and it has been shown that the low-momentum effective interaction V low k reproduces the same two-body observables obtained by the bare potential V N N .
I. INTRODUCTION
One of the most fundamental and essential problems in the nuclear theory is the derivation of the effective interaction between the nucleons of nuclei. The conventional nuclear force models are given by the same one-pion exchange interaction in the long distance, but differ substantially in their treatment of the short distance. The fact that the different short distance structures reproduce the same observables for two-body problem indicates that low energy observables are insensitive to the details of the short distance dynamics. This insensitivity is a result of the separation of the high and low energy scales in the nuclear force, and implies that we can derive a low-momentum effective interaction.
During the past years, several methods have been developed to derive the energy independent low-momentum effective interaction such as the renormalization group (RG) and the model space techniques. These approaches are mainly based on a partial wave (PW) decomposition and the details have been given in references [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] . Bogner et al. have developed a low-momentum effective interaction which is quite successful in describing the two-nucleon system at low energy. This effective interaction is independent of the potential models as the cutoff is lowered to Λ = 2.1 f m −1 [1, 2] .
Recently the three-dimensional (3D) approach, which greatly simplifies the numerical calculations of few-body systems without performing the PW decomposition, is developed for few-body bound and scattering problems [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] . The motivation for developing this approach is introducing a direct solution of the integral equations avoiding the very involved angular momentum algebra occurring for the permutations, transformations and especially for the three-body forces. Conceptually the 3D formalism consider all partial wave channels automatically. Based on this non PW method the bound and scattering amplitudes are formulated as function of momentum vector variables, specially their magnitudes and the angle between them.
In this article our aim is to generate the low-momentum effective interaction directly in a 3D formalism, where as a simplification the spin and isospin degrees of freedom have been neglected in the first step. So the low-momentum effective interaction has been formulated for spinless identical particles as function of vector Jacobi momenta. Considering the spin and isospin degrees of freedom is a major additional task, which will increase more degrees of freedom into the states [25] . The formulation of the low-momentum effective interaction in a spin-isospin dependent 3D approach, based on helicity representation, is currently underway and it will be reported elsewhere [28] .
This article is organized as follows. In the section II the model space Lee-Suzuki method has been used to derive the energy independent model space effective interaction in the 3D
representation. In addition a renormalization group decimation method has been performed in the 3D representation and a flow equation for the low-momentum effective interaction V low k has been obtained as a function of momentum vectors in the appendix A. The section III describes the details of the discussion and numerical calculations of the low-momentum effective interaction V lowk in the model space Lee-Suzuki method by using the spin-isospin independent toy Malfliet-Tjon potential. Finally a summary is given in the section IV and an outlook is provided.
Several model space techniques such as the Bloch-Horowitz [1, 29] , the Unitary Transformation [3, 5] and the Lee-Suzuki [7] [8] [9] [10] [11] based on the restricted space, have been developed for the construction of the low-momentum effective interaction V low k .
In this work the Lee-Suzuki formalism has been applied to the free space nucleon-nucleon problem in the 3D momentum representation and the low-momentum effective interaction V low k has been obtained as function of the momentum vectors. A momentum-space Hamiltonian for the full-space two-body problem has been considered as follows:
where H 0 denotes the kinetic energy and V N N (k, k ′ ) is the bare two-body interaction. In the model space methods the projection operators onto the physically important low-energy model space, the P space, and the high-energy complement, the Q space, have been introduced as:
where Λ is a momentum cutoff which divides the Hilbert space into the low and high momentum states. These projections satisfy the relations:
and they act on the full-space two-body problem states as:
where |ψ
denote the states of the full and model spaces respectively. The ω is an operator which transforms the states of the P space to the states of the Q space. The key aspect of the Lee-Suzuki method is the determination of the ω operator defined by the following equation [29] :
The Schrödinger equation for the full-space two-body problem by considering the equation (5) can be written as:
By acting the P operator on the left side of the last equation the full-space two-body problem has been reduced to the model space two-body problem of the following form:
where we assumed that the P and Q operators commute with the H 0 . Therefore the nonhermitian low-momentum effective potential in the model space that reproduces the model space components of the wave function from the full-space wave function can be written as [7] [8] [9] [10] [11] :
By using the integral form of the projection operators P and Q, the low-momentum effective interaction V low k can be written in the 3D representation as:
where q is the momentum vector in the complement model space Q. For an application we can choose the suitable coordinate system which the vector k is along the z axis and the vector k ′ is in x − z plane. So the equation (9) can be rewritten as:
where:
To calculate the low-momentum effective potential V low k we need to determine ω. To this aim by applying q| on the left side of equation (5) and using the integral form of projection operators P and Q, this equation can be rewritten as follows:
where p is the momentum vector in the model space. We use the completeness relation in the model space as:
The equation (12) after implementing equation (13) can be written as:
where Ψ N N k (p) and Ψ N N k (q) are the wave function components of the P and Q spaces of the full-space respectively which in the form of the half-on-shell (HOS) two-body T matrix are given by:
where ℘ denotes a principle value. The HOS two-body T matrix can be obtained from the Lippmann-Schwinger equation in the 3D representation, which is given as [12] :
In order to solve the equation (14) we have chosen suitable coordinate system which the vector q is along the z axis and the vector p is in x − z plane. Therefore the equation (14) can be rewritten as:
x =q ·p,
We should mention that the Lee-Suzuki method reproduces the HOS two-body T matrix the same as the RG method, therefore the solution of this approach has been proven to be equivalent to the solution of the RG equation [4, 30] . In appendix (A) we derive a renormalization group decimation method in the 3D representation and we obtain a flow equation for the low-momentum effective interaction V low k for future applications. 
III. DISCUSSION AND NUMERICAL RESULTS
In our calculations we employ the spin-isospin independent Malfliet-Tjon potential. This force is a superposition of a short-range repulsive and long-range attractive Yukawa interactions. It is given as [31] :
With the strengths and the masses of the meson exchange as follow: V R = 7.291, V A = 3.177, µ R = 613.7MeV, µ A = 305.9MeV . This potential supports one bound state at E = −2.23MeV . With this interaction we first implement the LU factorization into equation (18) we calculate ω(q, p, x) and finally we input the ω operator into equation (10) to obtain the low-momentum effective interaction V low k (p ′ , p, x).
The dependence on the continuous momentum and the angle variables is replaced in the numerical treatment by a dependence on the certain discrete values. To this aim we use the Gaussian quadrature grid points to discrete the momentum and the angle variables. In our calculations we choose forty grid points for the momentum variables in the P space, i.e. the interval [0, Λ], and thirty grid points for the momentum variables in the Q space, i.e. the We have shown in figure 1 that the calculated total two-body cross section for the the relation between the PW and 3D representations of the on-shell T matrix as follow:
As we expect the results are in good agreement with the high accuracy. In figure (3a) we As a test of our calculations we can compare the obtained results for the low-momentum effective potential and the ω operator in both 3D and PW approaches. In the first step we directly calculate the ω operator and the low-momentum effective potential in PW approach.
In the second step we obtain a certain PW projection of the ω operator and the lowmomentum effective potential from their corresponding 3D representation by the following relations:
The obtained results for the S-wave projection of the ω operator and the low-momentum effective potential in both of 3D and PW approaches are given in figures (4) and (5) respec-tively. The agreement between the two approaches is quiet satisfactory.
IV. SUMMARY AND OUTLOOK
In this article the 3D formulation of the Lee-Suzuki and the RG methods have been presented. The low-momentum effective interaction V low k has been derived as a function of the magnitude of momenta and the angle between them without using the partial wave decomposition. The calculated two-body observables from the low-momentum effective interaction and the bare interaction have been shown. In addition a comparison of calculated V low k from the PW and the 3D representation have been demonstrated as a test for our calculations.
The advantage of our formulation in the 3D representation in comparison with the PW representation is that we have calculated the low-momentum effective interaction by considering all partial waves automatically.
For the future investigations the low-momentum effective interaction can be formulated by considering the spin and isospin degrees of freedom in a realistic 3D approach. This formulation based on the momentum helicity basis has been done and the calculation of the realistic low-momentum effective interaction with Bonn-B, AV18 and Chiral potentials is currently underway. Considering the obtained 3D low-momentum effective interaction in the few-body bound and scattering calculations is another major task to be done.
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where ℘ denotes a principle value integration. Corresponding to equation (7) we can define a restricted version of the equation (A1) by imposing a cutoff Λ and replacing the bare potential V N N by a low-momentum effective potential V low k as:
We demand that the calculated low-momentum HOS two-body T matrices from equations (A1) and (A2) are identical, i.e.
This condition ensures that the V low k gives the same low-momentum two-body observables as obtained by the bare potential V N N . Imposing the cutoff independence of the low-momentum HOS two-body T matrix, i.e. dT (k ′ , k, k 2 )/dΛ = 0 in equation (A2), ensures that the low-momentum observables will be independent of the scale Λ and will generate energyindependent potential V low k , therefore we obtain:
where we have used the standing wave scattering states of the effective theory |χ k , which can be written as:
[1] This quantity is real in this appendix By using the completeness relation of the scattering states in the model space and considering T (Λp, k, k 2 ) = Λp|V lowk |χ k , we have obtained:
where χ k | is the bi-orthogonal complement in completeness relation in the model space which satisfies χ k ′ |χ k = δ(k ′ − k) and G denotes the interacting Green's function in the model space. With writing the G in terms of the two-body T matrix we obtain the RG equation in the 3D momentum representation as:
For numerical calculations we can choose the suitable coordinate system where the vector k ′ is along the z axis and the vector k is in x − z plane. By this consideration we can rewrite the above equation as:
x =k ′ ·k,
We introduce:
And finally the RG equation in the 3D representation can be obtained:
The low-momentum effective interaction V low k (k ′ , k, x) can be calculated by numerically integrating the RG equation on the Gaussian momentum and angle grid points. Similar to the PW representation of this equation, V N N (k ′ , k, x) can be used as a large-cutoff initial condition to calculate V low k (k ′ , k, x) numerically.
